A COUNTERPART OF BESSEL'S INEQUALITY IN INNER 
PRODUCT SPACES AND SOME GRUSS TYPE RELATED 

RESULTS 



S.S. DRAGOMIR 



Abstract. A counterpart of the famous Bessel's inequality for orthornormal 
families in real or complex inner product spaces is given. Applications for some 
Grass type inequalities are also provided. 



1. Introduction 



In £Q, the author has proved the following Griiss type inequality in real or 
complex inner product spaces. 

Theorem 1. Let (H, (•, •)) be an inner product space over K (K = R, C) and e 6 H, 
||e| — 1. If (f>, $,7, r are real or complex numbers and x,y are vectors in H such 
that the conditions 

(1.1) Re($e - x, x - cj>e) > and Re (re - y, y - je) > 

hold, then we have the inequality 



(1.2) 



\(x,y)-(x,e) (e,y)\ < i|$-0||r- 7 | 



The constant -r is best possible in the sense that it cannot be replaced by a smaller 
constant. 

In the following refinement of (|1.2|) has been pointed out. 

Theorem 2. Let H, K and e be as in Theorem^ If <fi, $, 7, T, x, y satisfy jl.l)) 
or, equivalently (see [3 Lemma 1]) 



(1.3) 

then 

(1.4) \(x,y)-(x,e)(e,y)\ 



7 + r 



<2ir- 7 |, 



|r - 7] - [Re ($e - x, x - <pe)] 2 [Re {Te -y,y- -ye)} 2 



In N. Ujevic has generalised Theorem ^ for the case of real inner product 
spaces as follows. 
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Theorem 3. Let (H, (■,•)) be an inner product space over the real numbers field 
K, and {ej} ie .n „} an orthornormal family in H, i.e., we recall that (ei,ej) = 
ifi^j and \\ei\\ = 1, i, j G {1, . . . , n} . If 4> t , j i; T,; G ffi, i G {1, . . . , n} safe/y 
£/ie condition 



n 



(1.5) (^iei-x.x-^&ei) > 0, ( ]T r 



J e i -y,y-^7 l e 4 y > 0, 
i=l i=l / 



£/ien one has the inequality: 



(1.6) 



i 

< - 

- 4 



£($ i - ( ^.) 2 .^(r i - 7i ) 2 



T/ie constant j is best possible in the sense that it cannot be replaced by a smaller 
constant. 

We note that the key point in his proof is the following identity: 

n J n n \ 

(1.7) X « x > e *> ~ ^i) ( $l - e *>) ~ ( x ~ X ^ ei > X $ * e > " x / 



holding for a; G H, (fri^i £ 1, i £ {l,...,7i} and {ej} ig rj n i an orthornormal 
family of vectors in the real inner product space H. 

In this paper we point out a counterpart of Bessel's inequality in both real and 
complex inner product spaces. This result will then be employed to provide a 
refinement of the Griiss type inequality (|1.6|l for real or complex inner products. 
Related results as well as integral inequalities for general measure spaces are also 
given. 

2. A Counterpart of Bessel's Inequality 

Let (H, (•, •)) be an inner product over the real or complex number field K and 
{ei} ig j a finite or infinite family of orthornormal vectors in H, i.e., 

(0 if j 

{e h ej) = < , i,j G J. 

I 1 if i = j 

It is well known that, the following inequality due to Bessel holds 
(2.2) ^2\(x,ei)\ 2 < \\xf for any x G H, 

where the meaning of the sum is: 



(2.1) 



(2.3) 



\ (x, e,;)| 2 := sup < e^) | 2 , F is a finite part of I > . 



The following lemma holds. 

Lemma 1. Let {ei} i6 j be a family of orthornormal vectors in H, F a finite part 
of I and (frij&i {i G F) , real or complex numbers. The following statements are 
equivalent for x G H 
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(i) Rc (£\ g F $ l e l -x,x- Y, t£ F <l>i e i) > 

(ii) x-Y. 



i£F 2 °* 



2\ 2 



Proof. It is easy to see that for y,a,A £ H, the following are equivalent (see 
Lemma 1]) 

(a) Re (A — y, y — a) > and 
(aa) \\ y -*±A\\<l\\A-a\\. 

Now, for a = J2ieF ^i e «> ^ = EieF ^i e ^ we nave 



lA-oll = 



ieF 



ieF 



^|$i-^| 2 || ei || 



2\ 2 



vi£F 



ieF 



giving, for y = x, the desired equivalence. | 

The following counterpart of Bcsscl's inequality holds. 

Theorem 4. Let {ej} ieJ , F, i5 $i, i £ F and x £ H so that either (i) or (ii) 
Lemma^ holds. Then we have the inequality: 



(2.4) 



0<||z|| 2 -ElM| 2 

7 E i** ~ <^i 2 ~ Re ( E $ie * ~ x > x ~ E ^ 



< 



< 



i£F 



WeF 



iSF 



T/ie constant j is best in both inequalities. 
Proof. Define 

h ■= E Re ~ ( x ' e *>) ((^TeJ - &j 
ieH 

and 

E ®i e i - x -> x - E 



I 2 := Rc 



UeH ieH 



Observe that 

h = E ^ fe(x, ei )j + e Re Kv*, e *)] - E Re " E i< a 



and 



ieH 



Ja = Rc 



ieH 



ieH 



E ei) + E ^ ( x ' e *> - ini 2 - E E e ^ 

ieff ieH ieH jen 



ERe [$i(a;,ei)] + E Re 



x,ei) - x 



ieH 



ieH 



ieH 
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Consequently, subtracting I2 from I± , we deduce the following equality that is useful 
in its turn 



(2.5) |M| 2 -]T 



x,e l )\ = 



J^Re ($i - (x,ei)) ((x,ei) 



Re 



&i X • X 



E* 



Using the following elementary inequality for complex numbers 

Re [ab\ < ~ |a + 6| 2 , a,kl, 
for the choices a = <&; — (x, a) , 6 = (a;, e») — ^ (iEF), we deduce 
£ Re - (1, ei )) (<S^> - < I ^ |$, - 0.| 2 . 



(2.6) 



Making use of l|2.5|) . I|2.6[) and the assumption (i), we deduce (|2.4|) . 

The sharpness of the constant | was proved for a single element e, ||e|| = 1 in 
PP, or for the real case in [3]. 

We can give here a simple proof as follows. 

Assume that there is a c > such that 



(2.7) 



o<NI 2 -£l< 



.1 , 6; 



ieF 



i X, X 



i£F 



\ieF 



E< 

ieF 



provided a; and F satisfy (i) or (ii). 

We choose F = {1} , e x = e 2 = (^=, ) e R 2 , x = (x u x 2 ) e M 2 , $1 = $ 
m > 0, 4> 1 = 4> — —m, H — R 2 to get from l|2.7|l that 



(2.8) 



< x\ + x\ 



(xi + x 2 y 



< 4cm' 



f m 



V2J \V2 



Xi) \xi + — - — - x-2) [x 2 + — = ) , 



V2 



provided 

(2.9) < (me — x, x + me) 

rn 
V2 



V2J \y/2 



- X 2 ) [ X2 + 



m \ 
V2j 



If we choose i! = ^,12 = then (|2.9I) is fulfilled and by l|2.8|) we get 

to 2 < 4cm 2 , giving c > ^ . | 



3. A Refinement of the Gruss Inequality 
The following result holds. 
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Theorem 5. Let {ei} ieI be a family of orthornormal vectors in H, F a finite part 
of I and (f) i , $„ 7„Ti e K, ieF and x,y <G H. If either 



(3.1) 



Re ( ^2 §iei -x,x-^ j (jy^i \ > 0, 



i£F 



ieF 



Re/^r^-^tz-^^ei) >0, 



UeF 



ieF 



or, equivalently, 
(3.2) 



ieF 



ieF 



<\ (Ei**-*«i 

<J(l>-^l 



ieF 



/io/d, iftera we have the inequalities 
(3.3) 



< 



ieF 



Din -7,1 



j£F 



\ieF 



Re ( X $,ei - a;, a; - X <^ej 



WeF 



ieF 



\ieF ieF 



< 



Eir.-7,l 2 ■ 

Vi£F / \ieF / 

XTie constant \ is best possible. 

Proof. Using Schwartz's inequality in the inner product space (H, (•,•)) one has 
/ \ 2 

(3.4) 



- X ( x ' e «) e *' y ~ X e ^ e * 



ieF 



i£F 



< 



ieF 



y - X ^> 



6j / 6 ? 



ieF 



and since a simple calculation shows that 



(x-^2(x, ei, y - X e *> e W = 2/) ~ X e ^ ^ ei ' ^ 
\ ieF jeF / ieF 



and 



ieF 



= ||x|| 2 -Xl(^e l )r 



»eF 
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for any x,y € H, then by (|3.4J) and by the counterpart of Bessel's inequality in 
Theorem 0] we have 

2 

(3.5) 



,y) ~E ^' ei ) ^ ei '^ 



< 



< 



ieF / V ieF / 

- l*< ~ ^l 2 - R e ( E $ * e < - * - E <^ e 

ieF \ieF ieF 



ieF 



< 



2>. 



\ieF 



\ieF 



Ei^ 

VieF 



ieF 



Re f E r,e t - y, y - ^ 7 i e i 
\ieF ieF / 



- Re ( $jej - x, x - ^ 

\ieF ieF , 

where, for the last inequality, we have made use of the inequality 
[m 2 — tt 2 ) [p 2 — g 2 ) < (rap — nq) 2 , 

where m,n,p,q > 0. 

Taking the square root in l|3.5|l and observing that the quantity in the last square 
bracket is nonnegative (see for example (|2.4Jl ). we deduce the desired result H3.3(l . 

The best constant has been proved in £Q for one element and we omit the de- 
tails. | 

4. Some Companion Inequalities 

The following companion of the Griiss inequality also holds. 

Theorem 6. Let {ei} ig/ be a family of orthornormal vectors in H, F a finite part 
of I and 0,, $i € IK, i £ F and x,y € H such that 

x + y x + y 



(4-1) Re £ *,e, - ±fL, ±2-" £ ^ ) > 

\ieF ieF I 

or, equivalently, 



(4.2) 



x + y 



E 



2^2 

ieF 



< 



VieF 



f/ien we /lave t/ie inequality 



(4.3) 



Re 



ieF 



< 



iEi^ 



ieF 



The constant \ is best possible. 
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Proof. Start with the well known inequality 
(4.4) 
Since 



1 2 

Re (z, u) < — \\z + u\\ , z,u£H. 



>y) - E fa> e *> ( e -'>y) = { x - E fa' e ^ ei ' y ~ E ^' e *) e * 



ieF 



ieF 



ieF 



for any x,y £ H, then, by (|4.4|l . we get 



(4.5) Re 



~ E fa' ei ) ^ ei ' y ) 



ieF 



Re 



1 

< - 

~ 4 



^2 (Xje^e^y-^ (v, e i) e 

ieF ieF 

x-^2(x, ei) + (V, e *) e i 

E 



ieF 

x + J/ / x + y 



ieF 



ieF 



x + y 



E 

ieF 



- , c ? 



If we apply the counterpart of Bessel's inequality in Theorem 0] for we may 
state that 

(4.6) ■ > (— -.,;) • 



E 

iGF 



i (E i*< 



VieF 



Now, by making use of (|4.5|) and Q4.6|) . we deduce l|4.3|) . 

The fact that j is the best constant in (|4.3|) follows by the fact that if in (|4.1(l 
we choose x — y, then it becomes (i) of Lemma E] implying l|2.4(l . for which, we 
have shown that j was the best constant. | 

The following corollary may be of interest if we wish to evaluate the absolute 
value of 



Re 



s,v) - E fa' e ^ ( ei > yS > 



i&F 



Corollary 1. With the assumptions of Theorem\^and if 

x ±y x ±y 

MeF 



(4.7) Re(^$ ie 
or, equivalently 

x±y sr^$i 



2 ' 2 



E><ei) >0 



ieF 



(4.8) 



E 

ieF 



<5(5>*-*i 



i£F 



f/ien we /lave i/ie inequality 



(4.9) 



Re 



.y> - E fa' ei ) ( ei ^ 



ieF 



< 



i Ei*« 



ieF 



s 
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Proof. We only remark that, if 
Re / ®i e i 



x — y x — y 



5>ieA > 



\ieF i£F 

holds, then by Theorem El for (— y) instead of y, we have 



Re 

showing that 
(4.10) Re 



z,y) + ^2(x, e *) (ei,y) 



ieF 



< 



z£i*< 



ieF 



> 



i El*. 



ieF 



Making use of Ij4.3|l and l|4.1()|l . we deduce the desired inequality 14.9(1 . | 

Remark 1. If H is a real inner product space and mi, Mi £ K with the property 
that 



(4.11) 

or, equivalently, 
(4.12) 



a; ± y x ± y 



^ "iiei ) > 



\ieF 



ieF 



^' e ' 



ieF 



<~(E( M *- ro *) 2 



VieF 



then we have the Griiss type inequality 



(4.13) 



ieF 



ieF 



5. Integral Inequalities 



Let (f2, E, /Lt) be a measure space consisting of a set fl, a u— algebra of parts E 
and a countably additive and positive measure p, on E with values in RU {oo} . Let 
p > be a /i— measurable function on f2. Denote by L 2 p (f2,K) the Hilbert space of 
all real or complex valued functions defined on Q and 2 — p— integrable on fl, i.e., 



(5.1) 



P 001/ 001 <*A*00 <oo- 



Consider the family {/i} igJ of functions in L 2 (fl, K) with the properties that 



(5.2) 



P (s) fi (s) fj (s) dfi (s) = S i:j , i, j e I, 



where is if i ^ j and Sij = 1 if i = j. {fi} ie j is an orthornormal family in 
L 2 p (fl,K). 

The following proposition holds. 

Proposition 1. Let {fi} ieI be an orthornormal family of functions in L^(f2,K), 
F a finite subset of I, ^,$ieK (i G JF) and f E L 2 (f2, K) , so £/ia£ either 



(5.3) 



p (s) Re 



X^oo-zoo /oo-£&/<oo 



i£F 



ieF 



d/x (s) > 



BESSEL'S INEQUALITY IN INNER PRODUCT SPACES 



or, equivalently, 



(5.4) 



P(s) 



/(•)-E 



ieF 



ieF 



Then we have the inequality 

2 

(5.5) 0< f p(s)\f(s)\ 2 d»(s)-J2 I p[s)f{s)J i {s)dp{s) 

<zEi*<-**i a 

E ^ w - / oo J ( 7 («) - E Ti u is) 



ieF 



p (s) Re 



dp (s) 



< 



z£i*< 



i6F 



TTie constant j is best possible in both inequalities. 

The proof follows by Theorem 01 applied for the Hilbert space L 2 p (n, K) and the 
orthornormal family {fi} ieI ■ 

The following Griiss type inequality also holds. 

Proposition 2. Let {fi} ieI and F be as in Proposition^ If <f> i: $j, 7^, G K 

(i 6 i* 1 ) and f,g £ L p (O, K) so £/ia£ either 



(5.6) / j o(s)Re 



p (s) Re 



or, equivalently, 



\ieF ) \ iGF / 

(j2T i f i (s)-g(s) \ (5( S )~Et7^( s )) 

VeF / \ ieF / 



d/x (s) > 0, 
d/i (s) > 0, 



(5.7) / p(s) 

Ju 



P(s) 



/oo-E 



J 2 , 



•w-E 



ieF 



dp(s) < ^El $i 

iGF 

^(*)<TEl r *-^ 2 < 



i£F 



£ften we /icwe i/ie inequalities 



(5.8) 



P (s) f (s) 9 (s) dp (s) 



ieF 



E / P( s )f( s )fi ( s ) d M(s) / p (s) ft (s) g (s)dp (s) 
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< 



ieF 

p (s) Re 
p (s) Re 



7,1 



/ \i£F I 

$>i/i (a) -/(*)) (7( 5 )-E^( s ) 



j<EF 



ieF 



ieF 



dp(s 
dp (s) 



< 



z(Ei*«-^i a ) [El* 



\i£F 



\i£F 



The constant j is the best possible. 

The proof follows by Theorem [3] and we omit the details. 

Remark 2. Similar results may be stated if we apply the inequalities in Section^ 
We omit the details. 

In the case of real spaces, the following corollaries provide much simpler sufficient 
conditions for the counterpart of Bessel's inequality (|5.5|) or for the Griiss type 
inequality 1)5. 8fl to hold. 

Corollary 2. Let {fi} ieI be an orthornormal family of functions in the real Hilbert 
space L 2 (O, K) , F a finite part of I, Mi, rrii £l (i 6 F) and f E L 2 (fl) so that 

(5.9) J2 m *fc ( s ) < / ( s ) < E M ih f° r M - a-e. s e fi. 

ieF ieF 

Then we have the inequalities 

r ~i 2 

(5.10) 0< f p(s)f 2 (s)dp(s)-Y, I P{s)f{s)h{s)dp{s) 

ieF 

- 1 p(s)(j2 M ^( s )-f( s )) (/(s)-E m ^( s ))^(s) 

jQ \i£F J \ ieF / 

^ zE( M <- m *) 2 - 

TTie constant j is best possible. 

Corollary 3. Let {fi} ieI and F be as in Corollary^ If Mi, mi, Ni, ni E M. (i E F) 
and f,gE L 2 (J7) such that 



(5.11) 
and 



^2m i f i (s)<f(s) <^M,/,( S ) 

i£F ieF 



ieF 



ieF 
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Then we have the inequalities 



(5.12) 



P(s)f{s)g{s)dn{s) 
~ E / P ( s ) f ( s ) fi ( s ) dt 1 ( s ) / P ( s ) 9 (s) ft (s) dfi (s) 

P («) ( e Wi (*) - / w) ( / (*) - E m ^ w ) ^ (*) 
J n p (*) (e ^ w - f (-9 w - E n ^ («)) ^ (*) 
^ z(E( M *- m <) 2 ) |Ew-"*) 2 



/ 



ieF 



MeF 



\ieF 
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